The total internal partition function of methane is revisited to provide reliable values at high temperature. A multi-resolution approach is used to perform a direct summation over all the rovibrational energy levels up to the dissociation limit. A computer code is executable on line at the URL : http://icb.ubourgogne.fr/JSP/TIPS.jsp to allow the calculation of the partition sum of methane at temperatures up to 3000 K. It also provides detailed information on the density of states in the relevant spectral ranges. The recommended values include uncertainty estimates. It is shown that at the upper limit of 3000 K, the systematic error (underestimation) of previous calculations (HITRAN 2004) reaches −50% equivalent to a temperature error of the order of +200 K.
Introduction
Methane plays a major role in the atmospheres of a number of astrophysical objects at temperatures up to around 3000 K (see for instance [1, 2, 3] ). Predicting high temperature spectra, needed to understand the physical chemistry of these objects, implies accurate modelling of highly excited states as well as transition intensities including hot bands. Deriving reliable values of the partition function represents one of the multiple aspects of such a challenge. At present, due to the complexity of the modelling of spherical top spectra, the calculation of the total internal partition function of methane relies on the basic harmonic oscillator and quasi-rigid rotor approximations. For instance, the most recent reviews on the partition functions of various molecular species [4, 5] have promoted the generalized use of the analytical formulae of McDowell [6] for spherical tops. Furthermore, the HITRAN 2004 molecular spectroscopic database [7] includes data tables extrapolating these formulae up to 3000 K, whereas the above approximations are valid up to around 1000 K only. Recent calculations of converged rovibrational energies have been reported in Ref. [8] . They were also focused in the temperature range of 100 − 1000 K and the proposed separable-rotation appoximation is accurate within 2% only in this range.The present work was motivated by the need for reliable values in recent investigations on the high temperature emission spectrum of methane [9] .
Following the Boltzmann distribution at thermodynamic equilibrium, the contribution to the partition sum of the subsequent layers of energy levels in any molecular system drastically depend on temperature. Typically, for the methane molecule, at 2500 K the maximum contribution is around 10 000 cm −1 . Unfortunately, this spectral region is far from being exhaustively modelled at high resolution. On the other hand, it is obvious from the knowledge of the lower polyads of the molecule [10, 11] that the harmonic oscillator approximation becomes qualitatively and quantitatively unrealistic. Furthermore, at this temperature, the contribution of higher energy levels cannot be neglected up to around 35 000 cm −1 which is not far from the dissociation limit of methane. Consequently, an exhaustive and realistic modelling of the full energy spectrum of the molecule is required to get reliable values of the partition function up to 3000 K.
The present work was based on a multi-resolution approach to perform a direct summation over all the rovibrational levels up to the dissociation limit. The partition sum Q(T ) is formally expressed as
where g j denotes the total degeneracy of the E j levels, i. e. the number of all possible states E i including electronic, vibrational and rotational degrees of freedom. Three sets of levels were considered in the energy spectrum of methane. In the lower energy set, high-resolution modelling of the individual rovibrational energy levels was performed. In the upper two sets, lower-resolution descriptions based on statistical considerations were applied.
The theoretical details are developped in the next section. The subsequent section describes the computer implementation of the method. Several physical approximations, including the basic harmonic oscillator and rigid rotor approximation were investigated for comparison and validation purposes. The last section is devoted to quantitative estimates of the accuracy of the calculations as a function of temperature.
Theoretical model
The extremely large density of states in the higher-energy layers makes it impossible to model the rovibrational energy levels individually. The model developed in the present work combines, in a consistent way, individual and statistical quantum descriptions of the methane spectrum. The lower layers of the energy spectrum are described through the well-proven effective Hamiltonian global approach [12, 10, 11] . The higher-energy layers are extrapolated and statistically modelled on the basis of appropriate physical approximations. Three sets of levels are considered according to
Following the polyad pattern of methane, all the energy levels (individual or statistical) are labeled by the polyad number p defined as
where the v i are the vibrational quantum numbers associated to the four normal modes of the molecule, and by the rotational quantum number J. The total degeneracy g i of the individual levels is derived from spin statistics
where d s = 5, 5, 2, 3 and 3 for the A 1 , A 2 , E, F 1 and F 2 rovibrational species respectively. It gathers the weights 5, 0, 1, 0, 3 of odd parity levels and the weights 0, 5, 1, 3, 0 of even parity levels, knowing that the symmetry of the nuclear spin function of 12 CH 4 is 5A 1 + E + 3F 2 (see Ref. [13] for detailed discussions of the classification of energy levels for polyatomic molecules). The calculation of the three sums in Q(T ) is detailed in sections 2.1, 2.2 and 2.3. The calculation of the global degeneracies G j and G k of the statistical levels is detailed in section 2.4.
Individual levels from the lower polyads
The lower levels were calculated individually using a unique rovibrational effective Hamiltonian implemented in the STDS package [14] . They include the rovibrational levels fitted to high-resolution experimental data for the lower five polyads : Ground State, Dyad, Pentad, Octad, Tetradecad (see [11, 15] ) as well as extrapolated levels up to a value J max of J fixed pragmatically to keep the calculation within a reasonable use of computational resources. They include as well the predicted J = 0 levels of the subsequent polyads p = 6 to 9. Three models corresponding to various orders of approximation have been considered (see Table 1 ).
The zero order corresponds to the usual harmonic oscillator and rigid rotor approximation. It was used to validate our computer code by reproducing the alternative original calculation of McDowell [6] . Other test calculations performed at the second order of approximation and at the highest order presently available for the lower four polyads [15] -denoted as best in Table 1 -proved to be quite comparable. In fact, a second order expansion was found to realize the best compromise regarding both accuracy and extrapolation reliability. The corresponding second order parameters were those reported in [16] . Note that they were derived from a second order fit of experimental data and not from truncation to the second order of a higher order fit. The root mean square deviation of this second order fit was of the order of 1 cm −1 over the full range of presently assigned lower-polyad experimental data. The corresponding characteristics of the polyads are given in Table 2 . For the calculation of E mean (p) all the vibrational sublevels were given the same weight independently of their 
reflecting the polyad specificity of methane. The values E c (p, J = 0) refer to the zero point energy of the Morse function for direct comparison with the values quoted in Table 3 . The corresponding diagram is plotted in the bottom panel of Figure 1 .
The uncertainty of the predicted levels in the present work is estimated to range from 1 to 10 cm −1 or more in the case of faraway extrapolated levels (section below). However, in contrast with the zero order approximation, the main rovibrational couplings (Fermi, Coriolis, Darling Dennison, ...) and thus the anharmonicity effects are explicitely taken into account in our model. Table 2 : Lower polyad characteristics (second order STDS prediction) 
Rotationally extrapolated statistical levels from the lower polyads
The second set of levels in Eq. 2 consists of statistical rovibrational levels of the previous polyads rotationally extrapolated up to the dissociation limit (and in any case J ≤ 100). We applied the following simple procedure. For each polyad p (0 ≤ p ≤ 9), the rotational fine structure for J = J max , predicted using STDS (Table 1) , was considered as a reference pattern for the higher J rotational fine structures and duplicated after shifting and scalling to account statistically for the above mentioned rovibrational couplings. It can be formally expressed as phenomenological statistical levels extend up to the dissociation limit ste to 37 000 cm
for J > J max and i = 1, ..., N rv (p, J max ).
In this equation ∼ denotes quantities statistically estimated. N rv (p, J max ) is the exact number of rovibrational levels for polyad p at J = J max . The rotational structure centers e E c (p, J) for J > J max were calculated according to the quasi-rigid rotor approximation
where B 0 and D 0 denote respectively the inertia and the centrifugal distortion constants. The rotational structure widths e E w (p, J) for J > J max were set assuming a linear dependency of Coriolis effects with J as justified by the matrix elements of the leading terms
where the Coriolis expansion factor F Coriolis was set to 0.03 as determined from the statistical behaviour observed on the lower polyads. Finally E c (p, J = 0) and E w (p, J = 0) = E max (p) − E min (p) are the centers and widths as predicted from our STDS model (Table 2 ).
Phenomenological statistical levels from the upper polyads
The remaining higher excited levels were modelled using a statistical approach consistent with the observed behaviour of the lower polyads. Several statistical studies have been devoted to molecular systems mainly focused on the subject of chaos. In particular, the density of levels in vibrational spectra of molecules has been investigated yielding analytical expressions for the spectral density moments of systems of N coupled Morse oscillators (see [17] ). However these works are not directly suitable for the statistical description of the rotational fine structure of methane polyads where strong bend-stretch interactions are involved. We have thus followed a phenomenological approach for the third set of levels in Eq. 2. It consists of statistical rovibrational levels vibrationally and rotationally extrapolated to polyads p = 10 and higher up to the dissociation limit. The vibrational structure of these higher polyads was modelled in the frame of the Morse potential yielding the vibrational energies
In our model this expression, normally designed for a single oscillator with vibrational quantum number v, was applied to estimate the polyad centers through the following substitutions : v −→ p : polyad number and E(v) −→ E c (p) : energy of the center of polyad p. The D parameter of the Morse function (dissociation limit) was set to ∆ + E c (0)/2 where ∆ = 37 000 cm −1 derived from the experimental value of Ref. [18] . The wavenumber of the fundamental level ω and the polyad number p lim at the dissociation limit were then determined by two boundary conditions.
• The first one, expressing the continuity between the lower-polyad effective Hamiltonian (STDS) prediction and the Morse expression for higher polyads is written as
where p sup denotes the number of the upper polyad predicted by STDS (p sup = 9 in our case), and E c (p sup ) the corresponding center energy, yielding
• The second one determines p lim from
where β = p lim + 1/2. This equation gives β = 48.24 and thus p lim was set to 47, the closest integer value satisfying
A schematic diagram of the vibrational polyad centers is represented on Figure 2 .
Obviously, the Morse model applied to the vibrational polyads is not directly suitable for the description of the behaviour of the widths of the successive polyads. In fact, we assumed the same dissociation limit for all the vibrational components of the polyads and thus repeated the above procedure for the maximum and minimum energies of the polyads successively. Consistently, we applied similar continuity conditions to the upper and lower limits of polyad p = 9 with the corresponding quantities E max (9) and E min (9) predicted by STDS. Doing so, the widths of the polyads were found to increase with the polyad number up to a maximum value (for p ∼ 24) and then to decrease until the dissociation limit as quoted in Table 3 . Of course, the accuracy of such a model near the dissociation limit is hard to assess. Nevertheless, we believe it gives a description of the level density much more realistic than the harmonic oscillator approximation at intermediate energies relevant for the considered temperature range. Detailed calculations were made to quantify the effect of varying the unique leading Morse parameter D on the partition sums. They were then used to estimate the uncertainty of our results.
All wavenumbers in cm Finally, on the basis of this modelling of the polyad vibrational structure, a rotational extrapolation was performed applying the same procedure as for the second set of levels (see section 2.2).
Total degeneracy of the predicted levels
According to the above model, the number of extrapolated statistical levels in the second and third sets in Eq. 2 is equal to the number of levels in reference rotational structure patterns. Consequently, each level represents statistically several invidual levels. In order to account rigorously for the actual total degeneracy (essential for partition sum calculations), each statistical level was affected a degeneracy G(p, J) calculated by
where N (p) and N stat (p) denote respectively the exact vibrational degeneracy of polyad p and the corresponding degeneracy of the statistical vibrational levels in the present model with N stat (p) = N (p sup ). The factor 3.2 × (2J + 1) holds for the mean total degeneracy of the rovibrational levels including spin statistics and the degeneracy with respect to the magnetic quantum number. The values N (p) were taken from the expression established by Sadovskii et al [19] using generating functions and reproduced below, 
with the leading term
The approximate number of vibrational levels of each polyad can be derived from the values quoted in Table 3 by dividing N (p) by the factor 2.4 which represents the asymptotic mean spin statistical weight of the vibrational levels. Due to their statistical character (arising from implicite averaging on both energy and degeneracy), the accuracy of the second and third sets of levels in Eq. 2 is much less than the accuracy of the first set. The uncertainty on energies is hard to estimate rigorously and may be as large as several hundreds of cm −1 . However the density and degeneracy of levels at energies relevant for the considered temperature range are more realistic than using the standard harmonic oscillator approximation used so far to evaluate partition sums.
Computer code
Our computer code uses as input data a file containing 87 524 rovibrational energy levels of the lower polyads predicted using the second order global effective Hamiltonian [16] implemented in the STDS package [14] . Each record is labeled by the usual indices : the polyad number p, the value of J, the rovibrational symmetry C, a running number α and the corresponding energy E. The quantum numbers J and C are used to derive the degeneracy of the levels. Up to 600 K the statistical levels have no significant contribution so that the summation includes only the primary individual levels contained in the input file (first set in Eq. 2). At higher temperature the program generates the needed higher energy statistical levels and the corresponding global degeneracies according to the model described above.
One of the first test calculations was to reproduce the values of Ref. [6] implemented in HITRAN 2004 [7] by performing a direct summation using our code within the frame of the standard harmonic oscillator and rigid rotor approximation (i.e. zero order of approximation). It turned out that our values from direct summation and the values derived from the McDowell formula [6] agreed within 1% in the full range of temperature from 10 to 3000 K, which represents a good validation of the correct statistical treatment of the level densities and degeneracies for the higher polyads in our model.
A simplified version of our computer code is installed and executable at http://icb.u-bourgogne.fr/JSP/T-IPS.jsp. For any temperature below 3000 K, the program returns the partition sum calculated using the present approach and for comparison the value derived from the McDowell formula [6] . The estimated uncertainty of the present calculation (see section hereafter) is also provided. Useful modeling details about the polyads, the density of levels and the density of quantum states of the molecule are included in downloadable output files (plain text and portable LaTeX formats). The ASCII file containing the input 87 524 rovibrational energy levels mentioned above is also available through the user interface.
Although the present work was focussed on high temperature needs, for completeness towards very low temperature investigations, the separate contributions from the ortho-, meta-and para-methane are given when the direct calculation is based on individual separable levels only (i. e. up to 600 K).
Results and discussion
The propagation of uncertainties from the rovibrational levels into the partition direct sum depends essentially on the temperature. As mentioned in the preceeding section, up to 600 K, the contribution of statistically extrapolated levels (second and third sets of levels in Eq. 2) is neglegible so that the precision of the corresponding partition sum depends on the precision of the individual levels fitted to high-resolution experimental data only. As mentioned earlier, calculations performed at various orders of approximation do not differ significantly within this temperature range. Even the basic harmonic oscillator approximation gives reliable results. At very low temperatures (below 50 K) similar test calculations revealed no sensible differences between the second order model and higher order models justifying this choice of the second order in all cases.
Of course at higher temperatures (above 1000 K), the contribution of the statistically extrapolated levels increases with temperature so that an important source of uncertainty arises from the unknown modelling error on the highly excited polyads. In fact, the precise knowledge of the individual levels is not absolutely necessary provided that a correct description of the density of states in spectral ranges relevant for each temperature can be achieved. Figure 3 illustrates the impact of the various energy layers to the total partition sum at typical temperatures. It can be seen that at 1000 K the partition sum is fully converged at around 15 000 cm −1 . At this temperature, the discrepancy between the densities of levels (and the corresponding densities of quantum states) predicted using the second order anharmonic model and the basic harmonic model is small. The resulting difference between the zero order (HITRAN 2004) and the second order partition sum values is −1.1%. Conversely, at 3000 K the energy levels close to the dissociation limit have a significant contribution to the partition sum. The density of levels above 20 000 cm −1 is drastically underestimated using the zero order model and exceeds one order of magnitude above 32 000 cm −1 . The resulting difference between the HITRAN 2004 and the present work values reaches −50%. Note that, at this temperature, the zero order direct sum is not fully converged at 37 000 cm −1 .
To overcome the lack of theoretical or experimental validation of the modelling of bound states near dissociation we did a series of test calculations by varying the dissociation limit around its experimental value [18] . It turned out that in the less favourable case (T = 3000 K), a ±5% variation of the dissociation limit around 37 000 cm −1 implied a ±3% variation of the partition direct sum at 3000 K, and only ±1.4% at 2500 K. These values are equivalent to uncertainties on temperatures of the order of ∆T = ±10 K and ∆T = ±4 K respectively. The above considerations have been used to estimate the precision of the recommended values quoted in Table  4 . The number of significant digits was matched to the estimated uncertainty of our calculations. As expected, uncertainties increase rapidely with temperature reflecting the relative contribution of the higher energy levels. They are also converted in terms of temperature uncertainties (column Equiv. ∆T of Table 4 ) since partition functions are often involved in temperature retrieval processes. The values available from HITRAN 2004 (folder Global Data Files [7] ) are included for comparison. According to our direct calculation uncertainties, systematic errors arising from the harmonic approximation make no doubt in the whole temperature range from 1000 to 3000 K. This is particularly true in the intermediate range from 1000 to 2000 K for which our estimated uncertainties (less than 1%) are significantly smaller than the observed discrepancies. For higher temperatures our estimated uncertainties become relatively large. Although more realistic than the previous ones our very high temperature values need to be confirmed.
Conclusion
A multi-resolution approach has been applied to the direct calculation of the partition function of methane to get more reliable values up to 3000 K. In connexion with the STDS package [14] , a computer code has been written and installed on the web at http://icb.u-bourgogne.fr/JSP/TIPS.jsp to be executed on line. Precision estimates as well as detailed information on the density of levels and states of methane are provided as indicators of the reliability of the results. The main conclusions of the present work may be summarized as follows : (i) we have confirmed the validity domain (below 1000 K) of the harmonic approximation as formulated by the original work of McDowell [6] using an independent alternative approach ; (ii) we have quantified the biais resulting from the simple extrapolation of McDowell formula above 1000 K as implemented in the HITRAN database [7] ; (iii) we have proposed alternative partition fonction values for high temperatures by taking into account anharmonicity effects based on the present state of the art of the modelling of the energy spectrum of the methane molecule. The present approach can be adapted to other molecular species having a similar polyad structure and firstly to the isotopomers 13 CH 4 , 12 CH 3 D. The extension of such a multi-resolution approach to model the absorption coefficient of methane is under study for high temperature applications in parallel with line by line global analyses in progress. 
